ABSTRACT. This paper provides a homotopical version of the adjoint lifting theorem in category theory, allowing for Quillen equivalences to be lifted from monoidal model categories to categories of algebras over colored operads. The generality of our approach allows us to simultaneously answer questions of rectification and of changing the base model category to a Quillen equivalent one. We work in the setting of colored operads, and we do not require them to be Σ-cofibrant. Special cases of our main theorem recover many known results regarding rectification and change of model category, as well as numerous new results. In particular, we recover a recent result of Richter-Shipley about a zig-zag of Quillen equivalences between commutative HQ-algebra spectra and commutative differential graded Q-algebras, but our version involves only three Quillen equivalences instead of six. We also work out the theory of how to lift Quillen equivalences to categories of colored operad algebras after a left Bousfield localization.
INTRODUCTION
When studying the homotopy theory of algebras over operads, a common question is that of rectification, i.e., determining when a weak equivalence f ∶ O / / P 1 of operads induces a Quillen equivalence between O-algebras and P-algebras. Rectification can be viewed as a generalization of change-of-rings results. A question that has received less attention, but which is an important part of the theory, regards changing the base model category. When does a Quillen equivalence L ∶ M / / o o N ∶ R lift to an equivalence on the level of algebras? This question was first studied in [SS03] , has been studied in a limited scope for Σ-cofibrant operads in [Fre09] , and has been studied for commutative monoids in [Whi14a] , but a general treatment is lacking in the literature.
In this paper, we provide a unified framework for answering questions of rectification and change of base model category simultaneously and in a great deal of generality. We work with C-colored operads for any set C, and we use model categories and semi-model categories as our setting for studying the homotopy theory of operad algebras. Relevant definitions are reviewed in Sections 2 and 3. Fundamentally, we are interested in studying the adjoint lifting diagram
from a homotopical perspective, in the context of Quillen equivalences and operadic algebras. We determine when a Quillen equivalence (L, R) induces a Quillen equivalence (L, R) of algebras. In Section 4, we prove our Main Theorem 4.2.1, stated here:
Theorem A (Lifting Quillen Equivalences). Suppose:
N ∶ R is a nice Quillen equivalence (Def. 3.5.5).
(2) f ∶ O / / RP is a map of C-colored operads in M with C a set, O an entrywise cofibrant C-colored operad in M, and P an entrywise cofibrant C-colored operad in N . The entrywise adjoint f ∶ LO / / P is an entrywise weak equivalence in N .
Then the lifted adjunction (3.3.6)
is a Quillen equivalence between the semi-model categories of O-algebras in M and of Palgebras in N (Theorem 3.5.3).
We provide numerous examples of model categories satisfying the conditions of this theorem, and we prove a version of this theorem for Σ-cofibrant colored operads (Theorem 4.3.2), where the hypotheses on the adjunction (L, R) are effectively always satisfied in examples of interest.
In Section 5, we specialize this general theorem and the Σ-cofibrant version to obtain results about rectification, and about lifting Quillen equivalences to modules, (commutative) algebras, non-symmetric operads, generalized props, cyclic operads, and modular operads. We recover results from [SS03] , [Mur11] , [Mur14] , and [Fre09] all as special cases of the same general theorem, and we then provide numerous new applications of this theorem. The results for non Σ-cofibrant operads are entirely new.
In Section 6, we apply our main theorem in left In Theorems 6.1.2 and 6.1.3, we provide checkable conditions allowing for the local application of our main results,Theorems 4.2.1 and 4.3.2. We provide examples of model categories where the conditions are satisfied. We specialize these local results to obtain results about local rectification, local change-of-rings, and local modules, (commutative) algebras, non-symmetric operads, generalized props, cyclic operads, and modular operads.
Lastly, in Section 7, we recover results of [SS03] , [Shi07] , and [RS14] , where chains of Quillen equivalences were manually lifted to categories of modules, (commutative) monoids, and E ∞ -algebras. These examples include the Dold-Kan equivalence, the Quillen equivalence between DGAs and HR-algebra spectra, and the Quillen equivalence between commutative DGAs and commutative HR-algebra spectra. We demonstrate how our main theorems could have been used in these settings. In particular, as special cases of our main theorem in the characteristic 0 setting, we obtain a zig-zag of three Quillen equivalences between commutative HQ-algebra spectra and commutative differential graded Q-algebras. This is a slightly improved version of [RS14] (Corollary 8.4), which contains a zig-zag of six Quillen equivalences between the same end categories. We hope our unified approach will find many applications in future such settings.
MODEL CATEGORIES
In this section we recall some key concepts in model category theory. Our main references here are [Hir03, Hov99, SS00, SS03] . In this paper, (M, ⊗, 1, Hom) and N will usually be a symmetric monoidal closed category with ⊗-unit 1 and internal hom Hom. We assume M and N have all small limits and colimits. Their initial and terminal objects are denoted by ∅ and * , respectively.
Monoidal Model Categories.
We assume the reader is familiar with basic facts about model categories as presented in [Hir03] and [Hov99] . For a model category M, its subcategory of cofibrations is denoted by M cof . When we work with model categories they will most often be cofibrantly generated; i.e., there is a set I of cofibrations and a set J of trivial cofibrations (i.e. maps which are both cofibrations and weak equivalences) which permit the small object argument (with respect to some cardinal κ), and a map is a (trivial) fibration if and only if it satisfies the right lifting property with respect to all maps in J (resp. I).
Let I-cell denote the class of transfinite compositions of pushouts of maps in I, and let I-cof denote retracts of such. In order to run the small object argument, we will assume the domains K of the maps in I (and J) are κ-small relative to I-cell (resp. J-cell); i.e., given a regular cardinal λ ≥ κ and any λ-sequence X 0 / / X 1 / / ⋯ formed of maps X β / / X β+1 in I-cell, the map of sets
is a bijection. An object is small if there is some κ for which it is κ-small. See Chapter 10 of [Hir03] for a more thorough treatment of this material.
We must now discuss the interplay between the monoidal structure and the model structure which we will require in this paper. This definition is taken from 3.1 in [SS00] .
Definition 2.1.1. A symmetric monoidal closed category M equipped with a model structure is called a monoidal model category if it satisfies the following pushout product axiom:
• Given any cofibrations f ∶ X 0 / / X 1 and g ∶ Y 0 / / Y 1 , the pushout corner map
cofibrantly generated model category, D is bicomplete, and U preserves colimits indexed by non-empty ordinals.
We say that D is a semi-model category if D has three classes of morphisms called weak equivalences, fibrations, and cofibrations such that the following axioms are satisfied. A cofibrant object X means an object in D such that the map from the initial object of D to X is a cofibration in D. Likewise, a fibrant object is an object for which the map to the terminal object in D is a fibration in D.
(1) U preserves fibrations and trivial fibrations (= maps that are both weak equivalences and fibrations). In practice the weak equivalences (resp. fibrations) are morphisms f such that U( f ) is a weak equivalence (resp. fibration) in M, and the generating (trivial) cofibrations of D are maps of the form F(I) and F(J) where I and J are the generating (trivial) cofibrations of M.
Note that the only difference between a semi-model structure and a model structure is that one of the lifting properties and one of the factorization properties requires the domain of the map in question to be cofibrant. Because fibrant and cofibrant replacements are constructed via factorization, (4) of a semi-model category implies that every object has a cofibrant replacement and that cofibrant objects have fibrant replacements. So one could construct a fibrant replacement functor which first does cofibrant replacement and then does fibrant replacement. These functors behave as they would in the presence of a full model structure.
Quillen Adjunctions and Quillen
Equivalences. An adjunction with left adjoint L and right adjoint R is denoted by L ⊣ R.
Definition 2.3.1. A lax monoidal functor F ∶ M
/ / N between two monoidal categories is a functor equipped with structure maps Note that what is called a lax monoidal functor here is simply called a monoidal functor in [Mac98] .
categories with R a lax monoidal functor. For objects X and Y in M, the map
defined as the adjoint of the composite
Here η is the unit of the adjunction.
The following definition applies to both model categories and semi-model categories. (1) For any cofibrant objects X and Y in M, the comonoidal structure map (2.3.3) is a weak equivalence in N .
is a weak equivalence in N , in which R 0 is the adjoint of the structure map R
If, furthermore, L ⊣ R is a Quillen equivalence, then we call it a weak (symmetric) monoidal Quillen equivalence.
Example 2.3.8. As discussed in [SS03] , both
(1) the Dold-Kan correspondence between simplicial modules and non-negatively graded dg modules over a characteristic 0 field and (2) the adjunction between reduced rational simplicial Lie algebras and reduced rational dg Lie algebras [Qui69] (p.211) are weak symmetric monoidal Quillen equivalences.
Model Category Assumptions.
Definition 2.4.1. Suppose M is a symmetric monoidal category and a model category. Define the following conditions.
n is a weak equivalence with U and V cofibrant in M, and X ∈ M Σn is cofibrant in M. Then the map
Σn is cofibrant in M. Then the coinvariant X Σn ∈ M is also cofibrant.
Example 2.4.2. Conditions ( ) and (★) both hold in the model categories of:
• simplicial modules over a characteristic 0 field; • chain complexes, bounded or unbounded, over a characteristic 0 field; • reduced rational simplicial Lie algebras;
• reduced rational dg Lie algebras.
In fact, both ( ) and (★) hold whenever an object in M Σn is cofibrant if and only if it is cofibrant as an object in M (as in the above rational settings). To see this for ( ), one uses the left Quillen functor (−) Σn ∶ M Σn / / M together with the pushout product axiom, [Hir03] (11.6.1 and 11.6.3), [BM06] (2.5.2), and Ken Brown's Lemma [Hov99] (1.1.12). To see this for (★), it is enough to observe that (−) Σn is a left Quillen functor.
The next definition is an equivariant version of Def. 2.3.6(1).
monoidal categories that are also model categories with R lax symmetric monoidal. Define the following condition. Note that (#) is equivalent to the assertion that the composite
is a weak equivalence in N . The isomorphism on the left comes from the fact that taking Σ n -coinvariant is a colimit, and the left adjoint L commutes with colimits. (1) L is strong symmetric monoidal.
(2) L ⊣ R is the Dold-Kan correspondence between simplicial k-modules and non-negatively graded chain complexes of k-modules for a characteristic 0 field k. (3) L ⊣ R is the adjunction between reduced rational simplicial Lie algebras and reduced rational dg Lie algebras [Qui69] (p.211).
COLORED OPERADS
In this section we recall some results regarding colored operads that will be needed in later sections.
3.1. Colors and Profiles. Here we recall from [YJ15] some notations regarding colors that are needed to talk about colored objects.
Definition 3.1.1 (Colored Objects). Fix a non-empty set C, whose elements are called colors.
(1) A C-profile is a finite sequence of elements in C, say, c = (c 1 , . . . , c m ) = c [1,m] with each c i ∈ C. If C is clear from the context, then we simply say profile. The empty C-profile is denoted ∅, which is not to be confused with the initial object in M. Write c = m for the length of a profile c.
(2) An object in the product category ∏ C M = M C is called a C-colored object in M, and similarly for a map of C-colored objects. A typical C-colored object X is also written as {X a } with X a ∈ M for each color a ∈ C. (3) Suppose X ∈ M C and c ∈ C. Then X is said to be concentrated in the color c if
Then f is said to be concentrated in the color c if both X and Y are concentrated in the color c.
Next we define the colored version of a Σ-object, also known as a symmetric sequence. (4) Define the diagram category
whose objects are called C-colored symmetric sequences. By the decomposition (3.1.3), there is a decomposition
Remark 3.1.4. In the one-colored case (i.e., C = { * }), for each integer n ≥ 0, there is a unique C-profile of length n, usually denoted by [n] . We have Σ [n] = Σ n , the symmetric group Σ n regarded as a one-object groupoid. So we have
In other words, one-colored symmetric sequences are symmetric sequences (also known as Σ-objects and collections) in the usual sense.
From now on, assume that C is a fixed non-empty set of colors, unless otherwise specified.
3.2. Colored Circle Product. We will define C-colored operads as monoids with respect to the C-colored circle product. To define the latter, we need the following definition. 
where the first map is the diagonal map followed by the isomorphism
We will mainly use the construction ⊗ D when D is the finite connected groupoid
Convention 3.2.2. For an object A ∈ M, A
⊗0 is taken to mean 1, the ⊗-unit in M.
(1) Define the object
The above left Kan extension is defined as
(2) By allowing left permutations of c above, we obtain
×Σ [c] with components
×Σ [c] .
is defined to have components
where the coproduct is indexed by all the orbits in Σ C , as d runs through C and [b] runs through all the orbits in Σ C . There is a free-forgetful adjoint pair 
Here R is applied entrywise to P; according to [YJ15] (Theorem 12.11) RP is a C-colored opeard in M.
(1) Define an induced functor
as follows. For a P-algebra A, apply R entrywise to A ∈ N C to obtain RA ∈ M C . Then RA becomes an O-algebra with structure map the composite
is a P-algebra structure map of A, and R 2 is a repeated application of the lax monoidal structure map of R. Note that if R = Id, then the functor
On each side, the vertical arrows form a free-forgetful adjunction. The right adjoint diagram is commutative, i.e., UR = RU. By uniqueness the left adjoin diagram is also commutative, i.e.,
in which LX means L is applied entrywise to X ∈ M C . (3) For each O-algebra A, the unit A / / RLA ∈ Alg(O) of the adjunction, when regarded as a map in M C , has an entrywise adjoint
called the comparison map. We will usually write the comparison map as LA / / LA, omitting the forgetful functors from the notation.
, we have
because L is a left adjoint. In this case, the comparison map χ ∅ O is entrywise the adjoint of f ,
Example 3.3.10. Suppose A ∈ Alg(O), B ∈ Alg(P), and ϕ ∶ LA / / B ∈ Alg(P). Then the adjoint of ϕ is a map ϕ ∶ A / / RB ∈ Alg(O). Considering ϕ as a map in M C , its entrywise adjoint is the composite
This example will be important in the proof of Theorem 4.2.1. In the cases of monoids and of 1-colored non-symmetric operads, the comparison map appeared in [SS03] (5.1) and [Mur14] (7-2), respectively.
Filtration for Pushouts of Colored Operadic Algebras.
Definition 3.4.1.
and the structure maps of X.
as the reflexive coequalizer of the diagram
with
• the coequalizer taken in M 
in [WY15]). Suppose O is a C-colored operad, and ∅ is the initial O-algebra. Then there is an isomorphism
preserves reflexive coequalizers and filtered colimits.
as follows.
• Q
C is concentrated at a single color c ∈ C, and
is a pushout in Alg(O). Then the map j ∈ M C factors naturally into a countable composition
A = A 0 j 1 / / A 1 j 2 / / A 2 j 3 / / ⋯ / / A ∞ ∈ M C such that,
for each color d ∈ C and t ≥ 1, the d-colored entry of j t is inductively defined as the pushout in
with f t−1 * induced by f and tc = (c, . . . , c) with t copies of c.
×{d} factors naturally into a countable composition
×{d} in which each j t for t ≥ 1 is defined inductively as the pushout
×{d} , where tb = (b, . . . , b) with t copies of b.
Model Structure on Algebras over Entrywise Cofibrant Operads.
Definition 3.5.1. Suppose M is a symmetric monoidal category and is a model category. Define the following condition.
preserves cofibrations and trivial cofibrations.
The condition (♣) for cofibrations will be referred to as (♣) cof , and the condition for trivial cofibrations as
Example 3.5.2. As in Example 2.4.2, condition (♣) holds whenever cofibrancy in M Σn coincides with cofibrancy in M. In particular, it holds in:
• simplicial modules over a characteristic 0 field;
• chain complexes, bounded or unbounded, over a characteristic 0 field;
• reduced rational simplicial Lie algebras;
• reduced rational dg Lie algebras. ( Below, we will show that, if O and P are Σ-cofibrant, then we can weaken assumption (1) above to only requiring that (L, R) be a weak symmetric monoidal Quillen equivalence and that the domains of the generating cofibrations in M be cofibrant.
a retract of a transfinite composition of pushouts of maps in
Proof. The generating cofibrations in Alg(O) have the form O ○ i for some generating cofibration i in M, regarded as a map in M C concentrated in a single color. Each cofibration in Alg(O) is a retract of a transfinite composition of pushouts of generating cofibrations. By a retract argument we may assume that the map
C concentrated in a single color, say, c ∈ C. Both the map i and the color c depend on the index t. Note that, since the initial O-algebra is cofibrant and that
is a cofibration, all the A t are cofibrant O-algebras. Moreover, by assumption on M, the generating cofibration i is a cofibration between cofibrant objects.
We apply O (−) (Def. 3.4.2) to the transfinite composition (4.1.2) and use Proposition 3.4.3 on A 0 and Lemma 3.4.5 on the colimit. We obtain the transfinite composition
Since O is entrywise cofibrant and since all the A t are cofibrant O-algebras, by Lemma 3.5.4, in (4.1.4) every map is an entrywise cofibration between entrywise cofibrant objects in M. Applying the left Quillen equivalence [Hir03] (11.6.5(2))
to (4.1.4), we obtain the transfinite composition
of entrywise cofibrations between entrywise cofibrant objects in N .
Next we apply the left adjoint L ∶ Alg(O) / / Alg(P) to the transfinite composition (4.1.2) and the pushouts (4.1.3). We obtain the transfinite composition
in Alg(P). The equalities on the left come from (3.3.7). Since P is also entrywise cofibrant, similar to the paragraph containing (4.1.4), applying P (−) to the transfinite composition (4.1.6) yields the transfinite composition
Consider the commutative ladder diagram from (4.1.5) to (4.1.8),
in SymSeq C (N ), in which f 0 is defined to be f ∶ LO / / P. Our goal is to show that the colimit f ∞ is a weak equivalence, i.e., entrywise weak equivalence in N . By [Hir03] (17.9.1) it suffices to show by induction that each vertical map f t for t ≥ 0 is a weak equivalence. The initial map f 0 = f is a weak equivalence by assumption.
For the induction step, suppose t ≥ 1 and that the map
is a weak equivalence. We want to show that f t is a weak equivalence. The map f t is inductively defined as follows. Pick d ∈ C and b ∈ Prof(C). Applying Proposition 3.4.9 to the pushout (4.1.3), we see that the map
is a countable composition
×{d} in which, for each r ≥ 1, the rth map is the pushout
×{d} . In the previous diagram, rc = (c, . . . , c) with r copies of the color c ∈ C, and the top horizontal map is naturally induced by the map O ○ X / / A t−1 . We already observed above that every O A k is entrywise cofibrant in M. / / Y ⊗r is also a cofibration between cofibrant objects in M by the pushout product axiom. See, for example, [Har10b] (proof of 7.19) for an explicit iterated construction of Q r r−1 . As every O A k is entrywise cofibrant, both objects
and
are entrywise cofibrant in M by the pushout product axiom. Condition (★) (Def. 2.4.1) in M implies that, after taking Σ r -coinvariants, both objects on the left side of (4.1.11) are entrywise cofibrant in M.
Now we apply the left Quillen equivalence [Hir03] (11.6.5(2))
×{d} to the countable composition (4.1.10) and the pushouts (4.1.11). We obtain the countable composition
×{d} of entrywise cofibrations between entrywise cofibrant objects. For each r ≥ 1, the rth map is the pushout
×{d} with both vertical maps entrywise cofibrations between entrywise cofibrant objects.
Next, applying Proposition 3.4.9 to the pushout (4.1.7), we see that the map
×{d} . We now argue as in the two paragraphs before (4.1.12) and use conditions (♣) cof and (★) in N . We then see that in (4.1.14) every map is an entrywise cofibration between entrywise cofibrant objects. Moreover, both vertical maps in (4.1.15) are entrywise cofibrations between entrywise cofibrant objects.
Consider the commutative ladder diagram from (4.1.12) to (4.1.14),
×{d} . By [Hir03] (15.10.12(1)), to show that the colimit f t is a weak equivalence, it suffices to show that each vertical map f r t−1 for r ≥ 0 is a weak equivalence. The initial map f 0 t−1 is defined as f t−1 , which is a weak equivalence. For the induction step, suppose r ≥ 1 and that f r−1 t−1 is a weak equivalence. We want to show that f r t−1 is a weak equivalence. Consider the naturally induced commutative cube from (4.1.13) (the back face below) to (4.1.15) (the front face),
×{d} . The map α factors as the composite
• L 2 is the comonoidal structure map of L (2. Observe that to define the map α 2 , the map f t−1 must be an equivariant map, instead of merely a map of individual entries. There is a similar factorization for the map β. In the top face, the top horizontal map is induced by L applied to the map O ○ X / / A t−1 , while the other horizontal map is induced by the map
We will prove in Lemma 4.1.18 below that the top face of the cube (4.1.17) is indeed commutative.
We already observed above that both vertical maps in the left face are entrywise cofibrations and that all the objects in the cube are entrywise cofibrant. By the Cube Lemma [Hov99] (5.2.6), to show that f r t−1 is a weak equivalence, it suffices to show that both α and β are entrywise weak equivalences.
To show that α is a weak equivalence, it is enough to show that both α 1 and α 2 are weak equivalences. We already observed that O A t−1 is entrywise cofibrant and that Q r r−1 (i) is cofibrant in M. So α 1 is a weak equivalence by condition (#) (Def. 2.4.3). Likewise, since f t−1 is a weak equivalence between entrywise cofibrant objects, condition ( ) in N (Def. 2.4.1) implies that α 2 is a weak equivalence. This proves that α is a weak equivalence. A similar argument, with Y ⊗r in place of Q r r−1 (i), proves that β is a weak equivalence. Therefore, the map f r t−1 is a weak equivalence. This finishes the induction in the ladder diagram (4.1.16), proving that the map f t is a weak equivalence. This in turn proves the induction step in the first ladder diagram (4.1.9), so the map f ∞ is a weak equivalence. 
(4.1.19) with r, t ≥ 1 and i ∶ X / / Y ∈ M concentrated in a single color c ∈ C. The top horizontal map is induced by the O-algebra
∈ M C is also denoted by g. The bottom horizontal map is induced by the composite
which is adjoint to the map
of P-algebras. As before, we omit writing the forgetful functors. Therefore, it is enough to check the commutativity of the diagram (4.1.19) when it is restricted to a typical node in the colimiting cone. In other words, it is enough to check the commutativity of the solid-arrow diagram
[rc]; [b] , and p + q = r with p > 0 (hence 0 ≤ q < r). We will show that this diagram is commutative by factoring it into two commutative diagrams as indicated by the dotted arrows. 
The left half of the diagram (4.1.20) is the commutative diagram
Therefore, to show that the right half of the diagram (4.1.20) is commutative, it is enough to show that the diagram Then the lifted adjunction (3.3.6)
is a Quillen equivalence between the semi-model categories of O-algebras in M and of Palgebras in N (Theorem 3.5.3).
Below, we will show that, if O and P are Σ-cofibrant, then we can weaken assumption (1) above to only requiring that (L, R) be a weak symmetric monoidal Quillen equivalence and that the domains of the generating cofibrations in M be cofibrant.
Proof. Recall that weak equivalences and fibrations in Alg(O) and Alg(P) are defined entrywise in M and N , respectively. The lifted adjunction L ⊣ R is a Quillen adjunction-i.e., the right adjoint R preserves fibrations and trivial fibrationsbecause UR = RU in the diagram (3.3.6).
To see that L ⊣ R is a Quillen equivalence between semi-model categories, suppose A is a cofibrant O-algebra, B is a fibrant P-algebra, and ϕ ∶ LA / / B ∈ Alg(P). We want to show that ϕ is a weak equivalence if and only if its adjoint ϕ ∶ A / / RB is a weak equivalence. By Proposition 4.1.1 the comparison map χ A ∶ LA / / LA ∈ N C is an entrywise weak equivalence. By the 2-out-of-3 property, ϕ is a weak equivalence if and only if the composite
is a weak equivalence. Note that B ∈ N C is fibrant and that A ∈ M C is cofibrant by Theorem 3.5.3(2). Since the entrywise prolongation
is a Quillen equivalence [Hir03] (11.6.5(2)), the map ϕχ A ∈ N C is a weak equivalence if and only if its adjoint ϕ ∶ A / / RB ∈ M C is a weak equivalence (Example 3.3.10). This proves that L ⊣ R is a Quillen equivalence.
Note that in Theorem 4.2.1, we only ask that the colored operads O and P be entrywise cofibrant, instead of the much stronger conditions of being Σ-cofibrant and admissible [BM03] (section 4). In particular, our operads will almost never be admissible.
4.3. Σ-cofibrant colored operads. If we require O and P to be Σ-cofibrant, then we can weaken our conditions on the adjunction (L, R) . The results that follow provide an extension of Proposition 12.3.4 in [Fre09] , which considers one operad acting in two different model categories. Proof. The proof proceeds exactly as in Proposition 4.1.1. Instead of Lemma 3.5.4, we use the colored version of Proposition 5.17 in [HH13] , which implies O A t and P LA t are Σ-cofibrant for all t. Instead of (♣) cof in 4.1.11, we use the observation that, for a Σ r -projectively cofibrant object X, the functor X ⊗ Σr − is left Quillen. In the proof, X is first [b] in (4.1.11) and is later P LA t−1 d
[rc]; [b] in (4.1.15). Rather than condition (★), observe that X ⊗ i ◻r is a cofibration in the projective model structure on M Σr , and the domain and codomain are projectively cofibrant. Thus, after taking Σ r -coinvariants, we are left with a cofibration between cofibrant objects in M. Similarly, X ⊗ Σr (Li) ◻r is a cofibration between cofibrant objects in N .
Finally, when proving the maps α and β are weak equivalences, instead of using conditions (#) and ( ), we use that (L, R) is a weak monoidal Quillen pair. This implies L 2 is a weak equivalence between Σ r -projectively cofibrant objects (since L induces a left Quillen functor on M Σr ). It follows from Ken Brown's Lemma that α 1 is a weak equivalence. The situation for α 2 is similar, since f t−1 ⊗ Id is a weak equivalence between Σ r -projectively cofibrant objects. It follows that α is a weak equivalence, a similar argument shows that β is a weak equivalence, and then the double induction demonstrates that f ∞ is a weak equivalence as required.
Similarly, we have a version of Theorem 4.2.1 for Σ-cofibrant colored operads: and Alg(P) is now due to Theorem 6.3.1 in [WY15] , which also proves that cofibrant O-algebras are cofibrant in M C , avoiding the need for Theorem 3.5.3 and (♣).
SPECIAL CASES: RECTIFICATION AND DERIVED CHANGE OF CATEGORY
In this section, we discuss special cases of our main results, Theorems 4.2.1 and 4.3.2. We begin with the strongest possible condition on L (that it is the identity), and successively weaken our conditions on L. We see that rectification, change of rings, and change of underlying model category (i.e., lifting Quillen equivalences) are all special cases of the same general framework. 5.1. Rectification. Restricting Theorem 4.2.1 to the special case L = R = Id (so condition (#) (Def. 2.4.3) holds automatically), we obtain the following rectification result for entrywise cofibrant operads. (1) A ∞ / / As, where A ∞ is the operad for A ∞ -algebras [Sta63] and As is the operad for differential graded algebras. [BM03, BM07] . Admissibility means that the category of algebras over the operad in question has a model category structure in which the fibrations and weak equivalences are defined entrywise in the underlying category. Another rectification result for admissible operads is in [PS14] . Concrete examples (e.g. [BW16] ) demonstrate that admissibility is a strong condition, and one should instead expect only semi-model structures. A rectification result for 1-colored, entrywise cofibrant, non-symmetric operads is [Mur11] (1.3). For operads in symmetric spectra, a rectification result is [EM06] (1.4) ; a 1-colored version is [Har09] (1.4). The first two of these examples date back to [SS00] , and can be viewed as special cases of rectification for Σ-cofibrant operads. As discussed in Theorem 4.3.2, when the operads involved are Σ-cofibrant, the conditions ( ), (★) (Def. 2.4.1), and (♣) (Def. 3.5.1) are not needed. The last example for commutative algebras requires the theory of entrywise cofibrant operads as in Theorem 4.2.1.
N is a lax (symmetric) monoidal functor, then LT is a (commutative) monoid in N , so it admits a category Mod(LT) of left LT-modules. Using the respective operads for left T-modules and left LTmodules, Theorem 4.3.2 yields the following result. It has both a commutative version and an associative version, the latter of which is closely related to [SS03] (3.12(1)). Proof. The proof is the same in the symmetric and non-symmetric contexts. We need to check condition (2) in Theorem 4.3.2. The 1-colored operad O for left Tmodules has
Likewise, the only non-∅ entry in the operad for LT-modules is P(1) = LT. Both O and P are Σ-cofibrant. The map f ∶ O / / RP is determined by the unit of the adjunction T / / RLT, and f ∶ LO / / P is the identity map. and similarly the 1-colored operad P for monoids in N has P(n) = ∐ Σn 1 N . In fact, O is the image of the associative operad in the category of sets under the strong symmetric monoidal functor
and similarly for P. Both O and P are Σ-cofibrant. The map
is a weak equivalence between cofibrant objects in N . So the coproduct map
is also a weak equivalence.
A commutative monoid T also admits categories Alg(T) (and CAlg(T)) of (commutative) T-algebras, which are (commutative) monoids in the category of T-modules [SS00] (p.499). An analogous proof to Corollary 5.3.1 demonstrates:
is a weak monoidal Quillen equivalence with L lax monoidal, and T is a commutative monoid that is cofibrant as an object in M. Then there is an induced Quillen equivalence
Alg(T) L / / Alg(LT) R o o
between the semi-model categories of T-algebras in M and of LT-algebras in N .
Proof. As above, we check condition (2) Proof. We simply reuse the proof of Corollary 5.3.1 with O the commutative monoid operad in M, which has O(n) = 1 M for all n ≥ 0, and P the commutative monoid operad in N . As the commutative monoid operad is not Σ-cofibrant, we need to assume (L, R) is a nice Quillen equivalence, and we need to use Theorem 4.2.1.
Using essentially the same proof as in the previous corollaries with the respective operads for commutative T-algebras and commutative LT-algebras, Theorem 4.2.1 yields the following result. enriched C-categories Cat
This result extends a result from [HRY15] to non-shrinkable contexts. In particular, the application to properads, colored props, and colored wheeled props, is new. 
between the semi-model categories of C-colored cyclic (resp., modular) operads in M and in N .
APPLICATIONS TO LEFT BOUSFIELD LOCALIZATION
Left Bousfield localization is a general framework that starts with a (nice) model category M and a set of morphisms C, and produces a new model structure L C (M) on the same category in which maps in C are now weak equivalences (along with all the old weak equivalences). When we say Bousfield localization we will always mean left Bousfield localization, so cofibrations in L C (M) will be the same as the cofibrations in M. The model category L C (M) satisfies a universal property (Theorem 3.3.20, [Hir03] ): for any left Quillen functor F ∶ M / / N taking the maps in C to weak equivalences, there is an induced left Quillen functorF
Applications of left Bousfield localization abound: it has been used to study generalized homology theories, to create stable model structures for spectra (including equivariant and motivic spectra), for spectral sequence computations, and to give models for presentable ∞-categories, just to name a few. We refer the interested reader to [Hir03] to learn more. Recently, it has become advantageous to study the interplay between Bousfield localization and operad algebra structure. A lengthy list of applications in this vein can be found in [Whi14b] and [WY15] .
In this section we will specialize the machinery of 6.1. Local Quillen Equivalences. In order for operad algebras to have a wellbehaved local homotopy theory, we will need L C (M) and L D (N ) to be monoidal model categories. Such localizations are studied in [Whi14c] , where they are called monoidal left Bousfield localizations. In particular, the following characterization is given. We say that cofibrant objects are flat when, for every cofibrant X, X ⊗ − preserves weak equivalences. 
If the domains of the generating cofibrations are cofibrant, then it suffices to check this condition for (co)domains K of the generating cofibrations.
Throughout this section, we will assume that M, N , L C (M), and L D (N ) are cofibrantly generated monoidal model categories. We state our main result: Then the lifted adjunction (3.3.6)
We also have a streamlined version for Σ-cofibrant colored operads, that we state after the proof.
by Theorem 3.3.20 in [Hir03] . We will apply Theorem 4.2.1 to this adjunction. Condition (5) is the local version of condition (2) of Theorem 4.2.1, since O (resp., P) is entrywise cofibrant locally if and only if it is entrywise cofibrant in M (resp.,
∶ R is a nice Quillen equivalence (Def. 3.5.5). It is a weak symmetric monoidal Quillen equivalence by condition (1) of the theorem. Note that this is a weaker condition than simply assuming (L, R) is a weak symmetric monoidal Quillen equivalence relative to M and N .
Next, (★) only references the cofibrations, and so holds in M if and only if it holds in L C (M), because whenever an object X is Σ n -cofibrant in M, it is Σ ncofibrant in L C (M). The same holds for N . The same argument shows that the domains of the generating cofibrations in L C (M) are cofibrant.
We have assumed (#) and ( ) for L C (M) and L D (N ), but we note that condition (3) above is weaker than simply assuming (#) for M and N , since every weak equivalence is a local weak equivalence. Similarly, assuming ( ) is weaker than the usual method of getting a functor to preserve local weak equivalences (namely, Theorem 3.3.18 in [Hir03] ), because we do not need the functor − ⊗ Σn X to be left Quillen.
∶ R is a nice Quillen equivalence. Note that (♣) cof is the same in M and in L C (M). Conditions guaranteeing (♣) t.cof to hold in any left Bousfield localization are given in [WY15] . Examples include spaces, spectra, and chain complexes over a field of characteristic zero.
We now state the version of this result for Σ-cofibrant colored operads. The proof involves applying Theorem 4. Then the lifted adjunction (3.3.6) 
is a Quillen equivalence between semi-model categories.
We turn now to modules, (commutative) monoids, (commutative) algebras, nonsymmetric operads, generalized props, cyclic operads, and modular operads. 
between the semi-model categories of left T-modules in L C (M) and of left LTmodules in L D (N ). (2) Suppose T is a commutative monoid that is cofibrant as an object in M, and L lax symmetric monoidal. Then there is an induced Quillen equivalence
Taking T to be the tensor unit in (2) and (3) implies a Quillen equivalence for local (commutative) monoids.
APPLICATIONS TO (COMMUTATIVE) HR-ALGEBRAS, (C)DGAS,
E ∞ -ALGEBRAS, AND MOTIVIC RING SPECTRA 7.1. Dold-Kan Equivalence. The main application of [SS03] proves that the DoldKan equivalence lifts to categories of modules and algebras. This can be viewed as a special case of Theorem 4.3.2, since these are categories of algebras over Σ-cofibrant operads (as explained in Section 5), since the model categories involved have generating cofibrations with cofibrant domains, and since the Dold-Kan equivalence satisfies the conditions of Theorem 4.3.2 (see Example 2.3.8).
7.2. (Commutative) DGAs and HR-Algebra Spectra. The main theorem of [Shi07] proves that the model categories of HR-algebra spectra and unbounded differential graded R-algebras are Quillen equivalent, where R is a discrete commutative ring. Shipley lifts the chain of Quillen equivalences (with left adjoints on top)
to the level of monoids. Here HR is the Eilenberg-Maclane spectrum, sAb is the category of simplicial R-modules, ch is the category of non-negatively graded chain complexes of R-modules, Ch is the category of unbounded chain complexes of Rmodules with the projective model structure, and Sp Shipley's main result may be viewed as a special case of Theorem 4.3.2, applied to each adjunction. Proposition 2.10 of [Shi07] demonstrates that the adjunctions all satisfy the conditions of Theorem 4.3.2. The domains of the generating cofibrations in all settings are cofibrant. To recover Shipley's result, in each of the three Quillen equivalences, O and P are both the operads whose algebras are monoids as in Corollary 5.3.1. A key point here is that the associative operad is Σ-cofibrant, so Theorem 4.3.2 is applicable. Similarly, Shipley's extension to modules (Theorem 2.13 of [Shi07] ) can be viewed as a special case of Theorem 4.3.2. between the categories of commutative HR-algebra spectra and of commutative differential graded R-algebras. This confirms a belief expressed in [Shi07] . As we will discuss below, a zig-zag of Quillen equivalences between the same end categories is also achieved in [RS14] (Corollary 8.4) using six Quillen equivalences instead of three here.
7.3. Commutative HR-Algebra Spectra, CDGAs, and E ∞ -Algebras. The main theorem of [RS14] proves a result analogous to the above, but for commutative HRalgebra spectra and E ∞ -algebras in Ch for a discrete commutative ring R. The chain of Quillen equivalences produced is now:
The Quillen equivalence in the bottom row is a special case of Theorem 4.3.2, because E ∞ operads are Σ-cofibrant. The vertical Quillen equivalence is a special case of rectification. As the commutative operad is not Σ-cofibrant, we need Theorem 4.2.1 in this setting. Unfortunately, we do not know if the conditions of this theorem are satisfied for symmetric spectra in Ch for general R. We do, however, know that the conditions are satisfied if R is replaced by a field k of characteristic zero. Once this replacement is made, the vertical Quillen equivalence is a special case of Theorem 4.2.1. Of the remaining three Quillen equivalences, the outer ones are induced by strong symmetric monoidal Quillen equivalences, while the inner one (L N , N) is induced by a weak symmetric monoidal Quillen equivalence. However, in the characteristic 0 setting, this is enough to deduce (#), (★), ( ), and (♣). Thus, in the characteristic 0 case, all five Quillen equivalences are special cases of Theorem 4.2.1.
Furthermore, in the characteristic 0 setting, there is a rectification Quillen equivalence between E ∞ -algebras in differential graded modules E ∞ Ch and commutative differential graded algebras C(Ch). In this case, the above zig-zag is prolonged to a zig-zag of six Quillen equivalences between commutative Hk-algebra spectra and commutative differential graded k-algebras, which is Corollary 8.4 in [RS14] . However, as discussed in the previous section (7.2.1), using the main results of this paper, we actually have a zig-zag with the same end categories involving only three Quillen equivalences, which are Shipley's original adjunctions.
7.4. Motivic Applications. The final application of [PS14] constructs a strictly commutative ring spectrum for Deligne cohomology. This is done by pushing a commutative differential graded algebra through a chain of Quillen equivalences terminating with strictly commutative motivic ring spectra. However, since both the starting category and the ending category admit rectification, one could instead view the CDGA as an E ∞ -algebra in chain complexes, then use Theorem 4.3.2 to push this object through a chain of lifted Quillen equivalences, and then use rectification in the positive stable model structure on motivic symmetric spectra (Theorem 3.10, [Hor13] ) to strictify the resulting E ∞ -algebra into a strictly commutative ring spectrum. DENISON 
